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Membrane gas separation has been recognized as the main technology that is used in chemical engi-
neering for hydrogen recovery, air separation, natural gas sweetening, helium recovery, natural gas
dehydration, and so on. Membrane-based gas separation processes have great potential for these in-
dustrial applications because of their environmental friendliness, energy efﬁciency and ease of scale up.
Mathematical modelling of the membrane-based gas separation process can be useful to predict the
performance of such separation processes. An improved mathematical model has been implemented in
this research for the separation of a binary gas mixture using a membrane separator. The ﬁnite difference
method (FDM) is applied to predict the membrane gas separation behaviour. The method is helpful as it
involves the least effort and computational time because algebraic equations are used instead of dif-
ferential equations. Different conﬁgurations, such as single stage and double stage, are used in this study.
The results of the FDM simulation are compared with the simulation results of the model and the
experimental data of several membrane systems.
Copyright © 2016, Far Eastern Federal University, Kangnam University, Dalian University of Technology,
Kokushikan University. Production and hosting by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Gas separation using a membrane is an effective substitute for
traditional processes because of its operational ease, economic
viability, low maintenance, low energy consumption, small size and
dependable performance. Polymeric membranes have established
uses in different processes in industry, such as oxygen enrichment
of air, recovery of carbon dioxide, volatile organic compound re-
covery, air dehumidiﬁcation, helium recovery from natural gas,
natural gas sweetening, landﬁll gas upgrading, nitrogen production,
hydrogen recovery from reﬁnery and syngas ratio adjustment, and
ammonia synthesis purge gases. Signiﬁcant hard work has been
performed to synthesize membrane materials of high permeability.
The complete operating conditions and process design are also vital
for the effective and economical application of membrane gas
separations [1]. It is challenging to ﬁnd an effective mathematical
technique with an ideal design and operating environment.
Modelling and simulation of the membrane gas separation processn).
Federal University, Kangnam
an University.
ersity, Kangnam University, Dalian
C-ND license (http://creativecommis a feasible way to obtain important data on the economics, design
and operation of the separation process with a low budget. Several
features in membrane gas separation, such as economic evaluation,
permeation analysis and module design, have been investigated
using several forms and structures [2]. Most of the models relate to
binary systems, and only a few of them are based on multicompo-
nent systems [3e5]. To overcome the numerical difﬁculties in
solving boundary value problems, numerous changes and different
numerical methods have been suggested to solve the model equa-
tions [6e8]. The purpose of these models is introducing additional
assumptions and simplifying the governing equations that lead to
estimated solutions with less computational time and effort.
In the problem of binary gas mixtures, at low permeabilities, the
results appear to be inaccurate [9]. Under some operating condi-
tions, the gas diffusion is very fast inside the substrate pores
compared to bulk transport [10e13]. The solution requires the
estimation of different operating variables, such as the residue
concentration at the exit. Asymmetric hollow ﬁbre membranes
with a cross ﬂow or co-current conﬁguration were considered for
binary gas separation without studying the pressure build-up
within the ﬁbre lumen [14,15]. The RungeeKutta method was
used to simplify the problem to an initial value problem to calculate
the dependent variable data. A model depending on an initialUniversity of Technology, Kokushikan University. Production and hosting by Elsevier
ons.org/licenses/by-nc-nd/4.0/).
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ential equations were solved by applying the orthogonal colloca-
tion technique [18]. A system of non-linear equations was reduced
by implementing this approach, and a composition proﬁle was used
to ﬁnd the convergence. Substantial information has been reported
by different researchers [16,19e27] to discuss the main features in
making a pure product with membranes. For several membrane
systems, a single-stage conﬁguration is adequate and requires a
minimal cost [21,28]. However, other complex designs are ﬁnan-
cially acceptable as the level and expenditures of the process in-
crease. Numerical solutions for performing separation with a
permeate or residue determined that the product recovery and
purity could be increased by residue recycling [29].
In this research, a ﬁnite difference (numerical) method (FDM) is
suggested for asymmetric membranes to solve model equations,
which create a boundary value problem. An iterative scheme is
implemented, as the quantities at any precise end of the hollow
ﬁbre membrane separator were not known. The numerical method
is used for several ﬂow conditions. The model results are compared
with experimental values, and its robustness is conﬁrmed. The
model can be applied to several membrane gas separation systems.
Implementing the proposed mathematical model, air separation,
natural gas sweetening and helium recovery from natural gas have
been studied. Commercially, different values of feed are being used
for membrane gas production, as decided by the module conﬁgu-
ration and cost of the separation process. The conﬁgurations
considered here include single-stage and two stages in series. The
outcomes are shown in terms of the purity and recovery of a spe-
ciﬁc gas. There is a complicated relationship between an optimi-
zation study and the process parameters or the complex parametric
study that is mandatory for good knowledge of the module con-
ﬁgurations and economics of the process.2. Mathematical modelling
The ﬂow direction of the gas streams is parallel and in the
opposite direction on both sides of the membrane. Fig. 1 shows the
schematic of the countercurrent ﬂow in a membrane separator.
The feed with a speciﬁc ﬂow rate Qf enters the unit and is
divided into two streams: Qp on the permeate side and Q0 leaving
on the residue side. These streams have mole fractions of xf, yp and
xo, respectively.
Hence, we can write the overall mass balance as
Qf ¼ Qp þ Q0 (1)
Qf is the feed ﬂow rate, Q0 is residue ﬂow rate and Qp is the
permeate ﬂow rate. We can also write the component balance as
Qf xf ¼ Qpyp þ Q0x0 (2)
The stage cut is deﬁned asFig. 1. Schematic of the countercurrent ﬂow in a membrane separator used in FDM.q ¼ Q
p
Qf
¼ Q
f  Q0
Qf
(3)
The ideal separation factor (selectivity) is deﬁned as
a ¼ PA
PB
(4)
PA Is permeability of gas A and PB is the permeability of gas B.
The pressure ratio is deﬁned as
g ¼ pl
ph
(5)
Parameterpl is the low pressure on the permeate side and ph is
the high pressure on the feed side.
The following assumptions are made during the mathematical
modelling.
 The values of permeability are similar to those of the pure
species.
 The permeabilities considered are independent of pressure.
 The steady state is assumed.
 The membrane of uniform thickness is considered.
 The total pressure is essentially constant on each side of the
membrane.
 There are no concentration gradients in the perpendicular di-
rection of the membrane.
 Plug ﬂow is considered.
Using the ﬁnite difference method (FDM) [30] and taking the
increment area DAm, the mass balances on both streams can be
written as
DQp ¼ Qin  Qout (6)
DQp;Qin ; Qout are the ﬂow rate of the permeate ﬂow of an incre-
ment, ﬂow rate entering the increment and ﬂow rate leaving the
increment, respectively.
The value of y
0
in (permeate at the beginning of increment) can be
calculated from the equation
y
0
in ¼
bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4ac
p
2a
(7)
a ¼ 1 a
b ¼ 1þ aþ 1
g
þ xin
g
ða 1Þ
c ¼ a xin
g
Additionally, the value of y
0
out (permeate at the end of the
increment) is calculated similarly by using xoutforxin:
Then, balancing A,
DQpy
0
av ¼ Qinxin  Qoutxout (8)
where
y
0
av ¼ ðyin þ youtÞ=2
Placing Qout from Eq. (6) into (8),
DQp ¼ Qin
ðxin  xoutÞ
y0av  xout
 (9)
Fig. 2. Comparison of the model results with the experimental data for air separation.
Fig. 3. Oxygen permeate mole fraction as a function of the dimensionless membrane
area.
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xin to determine the permeate for DQpand y
0
av for each DAm as well
as the increment of x to xo at the outlet residue. Then, to obtain the
value ofQp and the bulk composition y (permeatemole fraction) as a
function of x, the calculation is started at x0 for countercurrent ﬂow.
Using Equations (10) and (11), the increments DQp are added to
obtainQp and y is calculated for each DAm increment up to xf at the
feed inlet:
Qp ¼
X
DQp (10)
y ¼
P
y
0
avDQ
p
Qp
(11)
The area of countercurrent ﬂow can be calculated by using
DQpy
0
av
DAm
¼ ðPA=tÞ Ph

x g y0

av
(12)
The average driving force is

x g y0

av
¼
h
xin  g y
0
in

þ

xout  g y0out
i.
2
Solving forDAm,
DAm ¼ DQ
py
0
av
ðPA=tÞ Phðx g y0 Þav
(13)
Starting atxf , DAm is calculated for each increment to obtainP
DAm versus x.
The mathematical model for a countercurrent ﬂow pattern for
various operating conditions was solved using MATLAB and MS
EXCEL.
For membrane separator performance modelling, the known
variables are the feed composition, feed ﬂow rate, feed pressure,
membrane permeability, permeate pressure and residue mole
fraction. The algebraic equations are solved by using FDM, also
known as the stepwise increment method [31]. In the present
study, the differential equations are not involved, which prevents
the mathematical model from using L'Hospital's rule, Gear's BDF
method and the Secant method.
3. Results and discussion
3.1. Veriﬁcation of mathematical model
The data available in the literature for the separation of air using
an asymmetric hollow ﬁbre membrane separator based on cellulose
acetate (that had 80-mm inner diameter and 160-mm outer diameter
with 368 total ﬁbres) are compared with the model data to validate
the results [32]. The active membrane area based on outside diam-
eter was 462 cm2 for permeation, and the active length of a ﬁbrewas
25 cm. The feed composition was 20.5 mol% O2 and 79.5 mol% N2,
and the feed and permeate pressure were 790.8 and 101.3 kPa,
respectively. The permeations of O2 and N2 in a membrane at
296.15 K were given as 30.78 and 5.7 (1010 mol/s m2Pa), respec-
tively. Fig. 2 shows the concentration of nitrogen and oxygen in the
residue and permeate streams for the different values of stage cut
(q). We can see that there is a good agreement between the exper-
imental andmodel data. Fig. 3 represents the oxygen permeate mole
fraction as a function of the dimensionless membrane area [32].
3.2. Case study I: natural gas sweetening
A membrane separator for the separation of a binary gas
mixture containing CO2 and CH4 was used to study natural gassweetening. The feed was considered to contain 10, 25 and 50 mol%
CO2 (balance methane), and other trace components in the feed
were generally unnoticed. The separation performance was evalu-
ated at three different pressure ratios: 0.1, 0.3 and 0.5. In Table 1, the
effect of the feed composition on the residue and permeate com-
positions is shown. The results show that the residue and permeate
compositions are decreasing along the stage cut. The residue and
permeate mole fractions increase with a high mole fraction of CO2
in the feed as a function of the stage cut. At a high value of CO2 in
the feed, a lower membrane area is required to obtain the high
mole fraction permeate for the speciﬁc value of the stage cut.
The concentrations of CO2 in the residue and permeate streams
decrease along the stage cut for different values of the pressure
ratio. The lowest value of residue and highest value of permeate
composition for CO2 are achieved at a pressure ratio of 0.1 (high
feed pressure). The feed pressures have a signiﬁcant inﬂuence on
the concentration of CO2 in the residue and permeate streams. For a
high feed pressure, the minimum value of the membrane area is
required to achieve the speciﬁc value of permeation. To compare
the model values with the binary gas mixture experimental data,
the values reported in the literature are used [33]. A cardo-type
Table 1
CO2 value in residue and permeate streams at various pressure ratios and feed compositions.
Feed stream Pressure ratio ¼ 0.1 Pressure ratio ¼ 0.3 Pressure ratio ¼ 0.5
Stage cut Residue Permeate Stage cut Residue Permeate Stage cut Residue Permeate
10% CO2, 90% CH4 0.03 0.09 0.40 0.07 0.09 0.24 0.06 0.10 0.17
0.10 0.07 0.36 0.20 0.07 0.22 0.13 0.09 0.17
0.23 0.04 0.30 0.43 0.04 0.18 0.36 0.07 0.15
0.36 0.02 0.25 0.63 0.02 0.15 0.42 0.07 0.15
0.45 0.01 0.21 0.75 0.01 0.13 0.68 0.04 0.13
0.53 0.01 0.19 0.83 0.01 0.12 0.87 0.02 0.11
0.55 0.00 0.18 0.85 0.00 0.12
25% CO2, 75% CH4 0.10 0.20 0.68 0.09 0.22 0.54 0.05 0.24 0.42
0.21 0.15 0.64 0.16 0.20 0.52 0.11 0.23 0.41
0.31 0.10 0.58 0.31 0.15 0.47 0.16 0.22 0.41
0.44 0.05 0.51 0.47 0.10 0.42 0.26 0.20 0.39
0.47 0.04 0.49 0.66 0.05 0.35 0.41 0.17 0.37
0.55 0.02 0.44 0.70 0.04 0.34 0.50 0.15 0.35
0.61 0.01 0.40 0.80 0.02 0.31 0.70 0.10 0.31
50% CO2, 50% CH4 0.05 0.48 0.89 0.06 0.48 0.84 0.07 0.48 0.75
0.12 0.45 0.88 0.13 0.45 0.83 0.18 0.45 0.73
0.21 0.40 0.87 0.24 0.40 0.81 0.32 0.40 0.71
0.37 0.30 0.85 0.40 0.32 0.78 0.45 0.35 0.68
0.43 0.25 0.83 0.51 0.25 0.74 0.57 0.30 0.65
0.49 0.20 0.81 0.59 0.20 0.71 0.66 0.25 0.63
0.55 0.15 0.79 0.66 0.15 0.68 0.75 0.20 0.60
0.61 0.10 0.76 0.74 0.10 0.64 0.83 0.15 0.57
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containing CO2 and CH4 is used to study natural gas sweetening.
The effective membrane surface area of the PI membrane module
was 416 cm2. The experiments were carried out at 7.8 bar feed
pressure and 40 C temperature. The model calculations and also
experimental data are shown in Fig. 4. The results show that theFig. 4. Comparison between the model and experimental values (CO2 ¼ 10% in feed).
Table 2
Comparison of the permeation concentration-based asymmetric hollow ﬁbre separator f
Stage cut Feed ﬂow rate (mol/s) Residue concentratio
0.23 150.94 0.48
0.48 52.48 0.24
0.56 32.56 0.12
0.58 26.88 0.085
0.59 22.64 0.06
0.62 16.98 0.03model is in good agreement with the experimental results for
membrane separation of the binary gas mixture.
3.3. Case study II: helium recovery from natural gas
The countercurrent ﬂow pattern is applied as the preferred
operating mode for a high ﬂux asymmetric membrane. The helium
(He)/methane (CH4) system for asymmetric membranes was
considered for this case study [34]. The feed composition is 60% He
and 40% CH4. The feed and permeate side pressures are 6879 kPa
and 344 kPa, respectively. The selectivity and temperature of the
system are 10 and 303 K, respectively. Table 2 shows the calculated
performance of the separator in countercurrent ﬂow patterns for
various stage cuts, feed ﬂow rates and residue concentrations. The
helium permeation concentration as a function of the stage cut was
investigated for the countercurrent ﬂow pattern. The membrane
performance data calculated by the mathematical model for an
asymmetric membrane are shown in Table 2 for comparison with
the literature data. The mathematical model presented in this
research virtually predicts a better performance for the counter-
current ﬂow pattern, which appears to be conﬁrmed by the re-
ported data. The small difference in the data may be due mainly to
model errors (estimated to be approximately 3%) based on the
observation that for the high stage cut and low residue concen-
tration, the increase of 3.374% in permeation concentration is sig-
niﬁcant. However, for a low stage cut and high residue
concentrations, the model is slightly better than the literature
values. The proposed model better predicted results than the data
reported in the literature. Table 3 shows the feed rate required toor helium recovery from natural gas.
n Permeate concentration
C. Pan [34] This model Change
(%)
0.9863 0.9908 0.458
0.9754 0.9851 0.993
0.9602 0.9785 1.905
0.9512 0.9741 2.410
0.9414 0.9683 2.854
0.9211 0.9522 3.374
Table 3
Effect of feed ﬂow rate on helium recovery at a speciﬁc stage cut.
Stage Cut (q) ¼ 0.23 Stage cut (q) ¼ 0.48 Stage cut (q) ¼ 0.62
Flow rate (mol/s) Recovery (%) Flow rate (mol/s) Recovery (%) Flow rate (mol/s) Recovery (%)
150 58 52.5 42 17 17
200 78 100 79 70 69
253 98 123 98 100 98
Fig. 5. Effect of permeate-pressure variation on permeation in a multistage membrane separator.
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mum ﬂow rate is required to obtain the highest recovery of helium
compared to a low stage cut.
Fig. 5 shows two membrane separators in four different oper-
ating modes with different pressures on the permeate side. The
pressure on the permeate side is supposed to be constant, but
different for each permeator (either 344 kPa or 1520 kPa). In all
modes, the retentate stream for the ﬁrst stage serves as a feed for
the second stage. In Mode A, the feed gas with lower permeate
pressure enters the unit and the retentate is treated by the unit
with the higher permeate pressure and the intermediate operating
mode, as shown by the permeate concentration and helium re-
covery in the ﬁgure. Reverse feed ﬂow is applied to operate mode B.
This mode appears to be most efﬁcient in terms of both helium
permeation and recovery. In mode C, the permeator is operated
with the same feed and retentate concentrations with different
feed ﬂow rates and has a lower permeation value of helium
compared to mode B. The feed stream with the high ﬂow rate is
entered in the low permeate pressure separator. Mode D operates a
high ﬂow streamwith a high permeate pressure separator. The feed
stream with a high ﬂow rate enters the high permeate pressure
separator.
4. Conclusions
The numerical model proposed in this research has advantages
over other models commonly used: it requires the least computa-
tional effort and time with better solution stability. The mathe-
matical model calculated the gas separation behaviour with
different ﬂow rates and membrane systems (i.e., air separation,
natural gas sweetening and helium recovery fromnatural gas) quite
adequately. In a comparison of themodel and experimental data for
air separation, the membrane was found to be able to produce
99.9% nitrogen in the residue stream. In natural gas sweetening, the
countercurrent ﬂow pattern is used to predict the high permeate
mole fractionwith a minimummembrane area. This ﬂow pattern is
used to study the effect of different variables on the separation of
carbon dioxide from methane. In the helium recovery from the
natural gas mathematical model presented here for calculation, the
performance of separators with the high-ﬂux asymmetric mem-
brane was proven via the available literature data acquired using a
membrane separator [32e34]. The model is applicable to both
single andmulti-stage separation. Different modes are compared at
different permeation pressures to predict the most efﬁcient oper-
ating mode. The mathematical model results are validated for bi-
nary gas mixtures using experimental data from the literature.
Evaluation of the model and experimental data indicates that the
model results obtained in this study can be used to correctly
calculate membrane separation performance.
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